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We propose a class of models of porous media based on the pore ensemble concept with a certain distribu-
tion of the main geometric parameters (e.g., pore size). The case of the saturation of the pore space with a
two-phase liquid mixture has been considered. The transfer laws are deduced from the free energy dissipation
condition. The hydrodynamic connection of pores is described by two kinds of kernels: one kernel describes
the connection of pores in the space, and the other kernel describes the connection of pores in an elementary
macrovolume. A simple model of capillary pressure hysteresis associated with the monotonicity of the function
of the area-to-volume ratio of the pore is proposed. The results of numerical calculations of the capillary
pressure hysteresis and relative phase permeabilities are presented.

Introduction. At present, the main means for mathematical description of the processes in porous materials is
the continuum model where both the porous material itself and the liquid contained in its pores are assumed to be
continuously distributed in the space [1–6], and individual properties of the pores are assumed to be immaterial and it
suffices to take these properties into account by means of the macroscopic porosity and permeability coefficients.

At the same time the experimentally observed dynamic effects concerning the absolute and phase permeability
coefficients, the capillary pressure, and the impurity transfer led to the appearance of a large number of models taking
into account the structure of pores, e.g., capillary aggregation models or mesh models (see review [7]). Note that the
size distribution of pores is an important component of the colmation theory [8]. However, each of the developed
models of the pore space structure was intended for solving a quite definite particular problem — the problem of cal-
culating the phase permeabilities, capillary pressure, etc.

In the present work, we propose a general mathematical formalism for models based on the pore ensemble
concept. It has been shown that this approach permits modeling the capillary pressure hysteresis and the hysteresis of
phase permeabilities.

1. Main Concepts of the Pore Ensemble Model. Two-Phase Case. Consider an isotropic homogeneous rigid
porous medium. All processes are assumed to be isothermal and, therefore, the temperature dependence is omitted eve-
rywhere. It is also assumed that the gravitational forces are immaterial. Indices a, b, c run through the values of 1, 2,
3 corresponding to the ordinal numbers of spatial Cartesian coordinates xa. Summation is made over recurring spatial
indices. Abridged notations for partial derivatives ∂a = ∂ ⁄ ∂xa, ∂t = ∂ ⁄ ∂t, where t is time, are used.

The first step in defining the pore ensemble is the introduction of the collective parameter ζ which enumerates
or indexes various pores in a selected elementary macrovolume. This parameter can incorporate the characteristic size
or other geometric properties of a pore, the pore index in the case of pores of different types (e.g., for a jointing-po-
rous rock), or simply coincide with the pore number.

The second step is to give the probability measure ∂μ(ζ) on the pore space characterizing the frequency of
occurrence of a pore ζ in the ensemble. By definition, the normalization condition

∫ dμ (ζ) = 1 (1)

takes place.
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Further, for each pore of ζ the pore volume υ = υ(ζ) and the pore surface area σ = σ(ζ) are introduced.
These quantities are assumed to be normalized to a unit volume so that their integration with respect to the probability
measure gives the macroscopic porosity φ and the specific surface S:

φ = ∫ υ (ζ) dμ (ζ) , (2)

S = ∫ σ (ζ) dμ (ζ) . (3)

Consider a situation where in the pores two immiscible phases (liquid or gas) are present: phase A and phase
B (this can be, for example, an oil–water or water–gas mixture). Let us give in each pore the mass densities of the
phases ρA = ρA(t, xa, ζ), ρB = ρB(t, xa, ζ) and saturations of the phases ωA = ωA(t, xa, ζ), ωB = ωB(t, xa, ζ), where
0 ≤ ωA, ωB ≤ 1, ωA + ωB = 1. The corresponding macroscopic saturations of the phases sA(t, xa), sB(t, xa) and the
macroscopic mass densities rA(t, xa), rB(t, xa) are calculated by averaging over the pore ensemble

sΛ (t, xa) = φ−1
 ∫ ωΛ (t, xa

, ζ) υ (ζ) dμ (ζ) , (4)

rΛ (t, xa) = φ−1
 sΛ (t, xa)−1

 ∫ ωΛ (t, xa
, ζ) ρΛ (t, xa

, ζ) υ (ζ) dμ (ζ) , (5)

where Λ = A. B.
In the absence of phase transitions the dynamics of the mass transfer between the pores is described by the

differential transfer equation for each phase

∂t (υωΛρΛ) + ∂aiΛ
a

 = jΛ ,   Λ = A, B , (6)

where iΛ
a  = iΛ

a (t, xb, ζ) is the three-dimensional flow of phase Λ (A or B): jΛ = jΛ(t, xb, ζ) is the inflow of the phase
Λ to the pore ζ from the other pores in the same elementary macrovolume. The flows between the pores inside the
elementary macrovolume should satisfy the conditions of mass conservation

∫ jΛ (t, xa
, ζ) dμ (ζ) = 0 ,      Λ = A, B . (7)

In view of relations (7) and definitions (4), (5) integration of the conservation equations (6) with respect to
the pore ensemble leads to the macroscopic laws of conservation

∂t (φsΛrΛ) + ∂aIΛ
a

 = 0 ,   Λ = A, B , (8)

where the macroscopic flows IA
a , IB

a  are defined by the following expressions:

IΛ
a

 (t, xa) = ∫ iΛa  (t, xa
, ζ) dμ (ζ) ,   Λ = A, B . (9)

Problem (6) (as problem (8)) is nonclosed — the number of unknowns exceeds the number of equations. To
obtain a closed system of equations, additional relations are needed. Such relations can be derived by testing the model
for compliance with the second law of thermodynamics, which for isothermal processes is reduced to the free energy
dissipation condition (the dissipativity condition).

Let fA = fA(ρA) (fB = fB(ρB)) be the free energy of the phase A (phase B) mixture per unit volume. The tem-
perature dependence is omitted. It will be recalled that the free energy function satisfies the following thermodynamic
relations [9]:

κΛ = 
∂fΛ
∂ρΛ

 ,   pΛ = − fΛ + ρΛκΛ ,   dpΛ = ρΛdκΛ , (10)
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where Λ = A, B; κΛ is the chemical potential in the phase Λ; pΛ is the hydrostatic pressure in the phase Λ.
The free energy of the two-phase mixture H = H(t, xa) in the elementary macrovolume of the porous medium

is composed of the free energy in the volume Hv = Hv(t, xa) and the surface energy Hs = Hs(t, xa):

H = Hv + Hs , (11)

Hv = ∫ (ωAfA (ρA) + ωBfB (ρB)) υdμ (ζ) ,

Hs = ∫ (ωAγA + ωBγB) σdμ (ζ) + γAB ∫ Ω (ζ, ζ′) ωAωB′ dμ (ζ) dμ (ζ′) ,

where ωB′  = ωB(t, xa, ζ′); Ω = Ω(ζ, ζ′) is the symmetrical (probably generalized) function characterizing the contact
surface between pores ζ, ζ′. From Eqs. (6), (10), (11) there follows the evolution equation for the free energy

∂tH + ∂aH
a
 = Σ ,   H

a
 = ∫ ⎛⎝iA

a κA + iB
aκB

⎞
⎠ dμ (ζ) , (12)

Σ = ∫ ⎛⎝iA
a ∂aκA + iB

a∂aκB + jAκA + jBκB + ∂tωA (ψA − ψB)⎞⎠ dμ (ζ) ,

ψA = − υpA + σγA + γAB ∫ Ω (ζ, ζ′) ωB′ dμ (ζ′) ,

ψB = − υpB + σγB + γAB ∫ Ω (ζ, ζ′) ωA′ dμ (ζ′) .

Here Ha is the three-dimensional flow of the free energy; Σ denotes the free energy production.
The dissipativity condition of the model means the fulfilment of the inequality Σ ≤ 0, to satisfy which we as-

sume the following constitutive relations in the elementary macrovolume:

iΛ
a

 = − μΛ
−1ρΛωΛ ∫ KρΛ′ ωΛ′ ∂aκΛ′ dμ (ζ′) , (13)

jΛ = μΛ
−1ρΛωΛ ∫ DρΛ′ ωΛ′  (κΛ′  − κΛ) dμ (ζ′) , (14)

where Λ = A, B; μΛ denotes the shear viscosities of the phases which are assumed to be constant: κΛ′  = κΛ(t, xb, ζ′);
ρΛ′  = ρΛ(t, xb, ζ′); K = K(ζ, ζ′) is the symmetrical kernel describing the connection of pores in the space; D = D(ζ,
ζ′) is the symmetrical kernel describing the connection of pores in the elementary macrovolume. The integral operators
specified by kernels K = K(ζ, ζ′), D = D(ζ, ζ′) are assumed to be positive. Apart from relations (13), (14) for pores
with a nonzero saturation of both phases (0 < ωA, ωB < 1), let us take the condition equivalent to the instantaneous es-
tablishment of the capillary pressure:

pB − pA = pcap , (15)

pcap = (γB − γA) συ
−1

 + γABυ
−1

 ∫ Ω (ωA′  − ωB′ ) dμ (ζ′) . (16)

It is seen that relations (13)–(16) provide the fulfilment of the inequality Σ ≤ 0 and, therefore, the model con-
structed is thermodynamically correct. For the case of small changes in the chemical potentials κA, κB, we can make
use of the Gibbs–Duhem relation (the second relation of (10)) and transform expressions (13), (14) to the form

iΛ
a

 = − μΛ
−1ρΛωΛ ∫ KωΛ′ ∂apΛ′ dμ (ζ′) , (17)

jΛ = μΛ
−1ρΛωΛ ∫ DωΛ′  (pΛ′  − pΛ) dμ (ζ′) , (18)

where pΛ′  = pΛ(t, xa, ζ′).
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Substituting relations (17) into (9) permits calculating the macroscopic flows. In the particular case where the
pressure values in different pores at one point in the space coincide but there is a pressure gradient in the space, from
(17) and (9) there follows the modified Darcy law for the two-phase flow with phase permeabilities kA, kB:

IΛ
a

 = − μΛ
−1ρΛkΛ∂apΛ , (19) 

kΛ = ∫ KωΛωΛ′ dμ (ζ) dμ (ζ′) ,   Λ = A, B . (20)

As follows from (16), (20), in the general case the capillary pressure and the phase permeabilities depend on
the saturation distribution over the pore ensemble. However, of practical interest are situations where such a distribu-
tion is close to equilibrium. For the equilibrium distribution of the two phases over the pore ensemble, flows (18) go
to zero, which corresponds to the equality of the chemical potentials in different pores κA′  = κA, κB′  = κB and, conse-
quently, to the equality of pressures pA′  = pA, pB′  = pB. Thus, the value of the capillary pressure jump pcap in expres-
sions (15), (16) does not depend on the parameter ζ. Therefore, (16) is, in essence, an equation defining the saturation
distribution at a given capillary pressure jump pcap.

For a more concrete consideration of equilibrium distributions, let us take the expression for the phase contact
in the pores in the form Ω(ζ, ζ′) = θ(ζ)δ(ζ, ζ′), where δ(ζ, ζ′) is a Dirac delta function; θ(ζ) is a positive function.
Then the equilibrium conditions (free energy minimum conditions (11)) for the saturation distribution at fixed pcap are
as follows: at ψA > ψB ωA = 0, at ψA < ψB ωA = 1, and at ψA = ψB 0 ≤ ωA ≤ 1. These cases are not independent.
Upon substitution of the expression for Ω(ζ, ζ′) and introduction of the dimensionless auxiliary function

Ψ = Ψ (ζ) = ⎡⎣pcapυ (ζ) + (γA − γB) σ (ζ)⎤⎦ 
⎡
⎣γABθ (ζ) υ (ζ)⎤⎦

−1
(21)

the free energy minimum conditions (11) take on the form: at ψ(ζ) < −1 ωA(ζ) = 1, at ψ(ζ) > 1 the saturation ωA(ζ)
= 0, and at ⏐ψ(ζ)⏐ < 1 ωA(ζ) = 0 or ωA(ζ) = 1. In the last case, both the zero and the unit saturations provide a free
energy minimum.

Thus, there is ambiguity in the definition of the equilibrium saturation distribution caused by the interphase
interaction. Moreover, there is one more source of ambiguity — the possible nonmonotonicity of the function

Φ (ζ) = (γB − γA) σ (ζ) υ (ζ)−1
 . (22)

Indeed, suppose that the interchange of matter can occur only between pores having a close value of the pa-
rameter ζ. Let, in addition, the set of pores ψ(ζ) > 1 (or the set of pores ψ(ζ) < −1) decompose into disconnected sub-
sets. Such a situation is possible for the nonmonotonic function (22). And the filling of these disconnected subsets
with different phases will provide a local minimum of free energy, but it will not be global.

The ambiguity in the saturation distribution leads to the fact that to one value of the capillary pressure more
than one value of the macroscopic saturation can be assigned. For different scenarios of the displacement of one phase
by the other the above effect will show up as a capillary pressure hysteresis.

2. Computational Modeling of the Capillary Hysteresis. To demonstrate the possibility of describing the
hysteresis in the pore ensemble theory, we have performed a computational modeling of this phenomenon on two sim-
ple models described below. It was assumed that the influence of the term in the expression for the surface energy
associated with the kernel Ω(ζ, ζ′) is negligibly small. Then the expression for the capillary pressure (16) takes the
form pcap = Φ(ζ), and the equilibrium saturations of the phases in the pores can take only the values 0 or 1.

Now, at any fixed value of the capillary pressure pcap
∗  we can calculate the distribution of the phases between

the pores, after which, according to (4), we can calculate the macroscopic saturations. It should be emphasized that all
pores Φ(ζ) > pcap

∗  turn out to be filled with the wetting phase, and pores Φ(ζ) < pcap
∗  — with the nonwetting phase

only if free interchange of matter for all pores is possible. As was shown in Subsection 1, the disconnection of the set
of pores Φ(ζ) > pcap

∗  (or the set of pores Φ(ζ) < pcap
∗ ) leads to an ambiguous filling of pores with the phases at a fixed

capillary pressure and, consequently, to a hysteresis.
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Example 1. The one-dimensional parameter ζ runs through the real positive values and has the meaning of the
characteristic size of pores. If the function σ(ζ)υ(ζ)−1 is monotonic, then the set of pores Φ(ζ) > pcap

∗  (or the set of
pores Φ(ζ) < pcap

∗ ) is always connected (it represents an interval on the real axis) and a capillary hysteresis is absent.
We investigated a model with the nonmonotonic function σ(ζ)υ(ζ)−1:

dμ (ζ) = g (ζ) dζ ,   g (ζ) = 2ζl
−2

 exp (− ζ2
l
−2) ,

υ = υ (ζ) = φΞ 
⎛
⎜
⎝

ζ
l

⎞
⎟
⎠

3

 ,   Ξ = 
4
3

 π−1 ⁄ 2 ,

σ = σ (ζ) = SΘ−1
 
⎛
⎜
⎝

ζ
l

⎞
⎟
⎠

2

 
⎛
⎜
⎝
1 + G 

⎛
⎜
⎝

ζ
l

⎞
⎟
⎠

Z

 exp (− αl
−2ζ2)

⎞
⎟
⎠
 ,

Θ = 1 + (1 + α)−(2+0.5Z)
 GΓ (2 + 0.5Z) , (23)

where Γ is the gamma function; ϕ = 0.18; S = 46,476 m−1 is the specific surface; l = 1 μm; α = 0.87; G = 0.35;
Z = 8. The coefficients Ξ and Θ were chosen proceeding from the normalization condition (2), (3). The following
surface tension coefficients were taken: γA = −0.008 N ⁄ m (the phase A is wetting), γB = 0.003 N ⁄ m (the phase B
is nonwetting).

In calculating the relative phase permeabilities, we assumed the following form of the kernel K(ζ, ζ′) describ-
ing the connection of pores in the space:

K (ζ, ζ′) = K (ζ) δ (ζ − ζ′) ,   K (ζ) = k0Π
−1

 
⎛
⎜
⎝

ζ2

l
2

⎞
⎟
⎠
 ,

(24)

here k0 = 1 μm2 is the absolute permeability. The coefficient Π was chosen proceeding from the normalization condi-

tion k0 = ∫ K(ζ, ζ′)dμ(ζ)dμ(ζ′).
The results of the calculations of the capillary pressure and phase permeabilities are presented in Figs. 1 and

2. It is assumed that pores can interchange matter only with pores having a close value of ζ. In the process of im-
pregnation under the action of the capillary pressure drop (hereinafter spontaneous impregnation [7] when pcap > 0 is
considered), the wetting phase gradually penetrates from small pores into large ones (characterized by a larger value of
the parameters ζ and a lower capillary pressure). The nonmonotonicity of the function σ ⁄ υ leads to a nonmonotonic
dependence of the capillary pressure on the radius of pores (Fig. 1a). Accordingly, when pores with a characteristic

Fig. 1. Capillary pressure pcap versus the one-dimensional parameter ζ (a) and
capillary pressure hysteresis as a function of the wetting phase saturation
sA (b) for the processes of impregnation (1) and drainage (2). pcap, Pa; ζ, μm.
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size ζ1 are filled with the wetting phase, some of the large pores (ζ > ζ1) have a higher capillary pressure than pcap
(2)

— the pressure in pores of radius ζ1. These pores will be further filled with the wetting phase with no change in the
capillary pressure (dash-and-dot line 1 in Fig. 1a). This process corresponds to the straight-line portion of the impreg-
nation curve (Fig. 1b).

In the process of drainage, the nonwetting phase is injected into a porous specimen under the excess ambient
pressure. With increasing pressure applied the nonwetting phase penetrates from large pores into small ones having a
higher value of the capillary pressure. By virtue of the nonmonotonic dependence of the capillary pressure on the ra-
dius of pores (Fig. 1a), when pores of radius ζ2 are filled with the nonwetting phase, in some of the pores with a
smaller radius the capillary pressure turns out to be lower than pcap

(1)  — the pressure in pores of radius ζ2. These pores
will be further filled with the nonwetting phase with no change in the capillary pressure (dash-and-dot line 2 in Fig. 1a).
This process corresponds to the straight-line portion on the drainage curve (Fig. 1b). The difference between the cap-
illary pressures of pores of radius ζ1 and ζ2 (pcap

(1)  ≠ pcap
(2) ) leads to the formation of a hysteresis  formed by the drain-

age and impregnation curves.
The calculations of the capillary pressure agree, in general, with the experiment [7, 10]. However, the experi-

mental curves of the capillary pressure for the drainage and impregnation processes are sloping, and the calculation
curves are parallel to the abscissa axis in a wide range of change in the saturation. A more exact description of the
capillary hysteresis is attained in the following example.

Example 2. The parameter ζ = (ζ1, ζ2) is a two-dimensional vector, and ζ1 and ζ2 therewith run through the
real positive values. The variables ζ1, ζ2 can represent, e.g., the principal radii of inertia of pores. A model with the
nonmonotonic function σ(ζ1, ζ2)υ−1(ζ1, ζ2) was given:

dμ (ζ) = g (ζ1) g (ζ2) dζ1dζ2 ,   g (ζi) = 2ζil
−2

 exp ⎛⎜⎝
− ζi

2
l
−2⎞⎟⎠

 ,

Fig. 3. Function of the area-to-volume ratio of the pore σ(ζ1, ζ2) ⁄ υ(ζ1, ζ2) (a)
and capillary pressure hysteresis as a function of the wetting phase saturation
sA (b) for the processes of impregnation (1) and drainage (2) in the case of
the two-dimensional parameter ζ(ζ1, ζ2). pcap, Pa; ζ1, ζ2, μm.

Fig. 2. Hysteresis of the relative phase permeability of the nonwetting (a) and
wetting (b) phases as a function of the wetting phase saturation sA for the
one-dimensional parameter ζ: 1) impregnation; 2) drainage.
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υ (ζ1, ζ2) = φΞ−1
 
⎛
⎜
⎝

ζ1ζ2

l
2

⎞
⎟
⎠

3 ⁄ 2

 ,   Ξ = 
9

16
 Γ2

 
⎛
⎜
⎝

3

4

⎞
⎟
⎠
 ,

σ (ζ1, ζ2) = SΘ−1
 
⎛
⎜
⎝

ζ1ζ2

l
2

⎞
⎟
⎠
 
⎛
⎜
⎝
1 + G 

⎛
⎜
⎝

ζ1ζ2

l
2

⎞
⎟
⎠

Z

 exp ⎛⎜⎝
− αl

−2
 ⎛⎝ζ1

2
 + ζ2

2⎞
⎠
⎞⎟⎠
⎞
⎟
⎠
 ,

Θ = 
π
4

 + G (1 + α)−(3+Z)
 Γ2

 
⎛
⎜
⎝

3 + Z
2

⎞
⎟
⎠
 ,

(25)

where φ = 0.18; S = 46,476 m−1 is the specific area; l = 1.5 μm; α = 3.3; G = 103; Z = 12. The coefficients Ξ and
Θ were given proceeding from the normalization conditions (2), (3). The surface tension coefficients are the same as
in Example 1.

The results of the calculation of the capillary pressure and phase permeabilities are presented in Figs. 3 and
4. The kernel K(ζ, ζ′) defining the connection of pores in the space was given in a form analogous to (24):

K (ζ1, ζ2) = k0Π
−1

 
⎛
⎜
⎝

ζ1ζ2

l
2

⎞
⎟
⎠
 ,   Π = 

π

4
 , (26)

where k0 = 1 μm2.
The results of the modeling demonstrate a good agreement with the experimental curves of the capillary hys-

teresis described in [7, 10]. The form of the hysteresis is also adequate to the experiment. Note that comparing the
experimental curves of the capillary hysteresis and the hysteresis of phase permeabilities to the calculation curves we
can estimate the parameters characterizing the pore ensemble.

Conclusions. The basic equations of the pore ensemble model for the two-phase flow in porous media have
been formulated. A simple model of the capillary hysteresis and the hysteresis of relative phase permeabilities con-
nected with the nonmonotonicity of the function of the area-to-volume ratio of the pore has been proposed. The results
of numerical calculations of the capillary pressure hysteresis demonstrate a good agreement with the experimental data
described in the literature. The kind of relative phase permeabilities strongly depends on the kind of connection core K.

This work was supported by the international oil and gas company Schlumberger Oilfield Services (RUP1-
1410).

NOTATION

D, kernel describing the connection of pores in an elementary macrovolume; f, free energy of the mixture per
unit volume; G, auxiliary coefficient; g, pore distribution function, μm−1; H, total free-energy of the two-phase mixture;
Hv, volume free energy; Hs, surface free energy; Ha, three-dimensional free energy flow; IA

a , IB
a , macroscopic flows of

Fig. 4. Hysteresis of the relative phase permeability of the nonwetting (a) and
wetting (b) phases as a function of the wetting phase saturation sA for the
two-dimensional parameter ζ(ζ1, ζ2): 1) impregnation; 2) drainage.
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the phases; iA
a , iB

a , three-dimensional flows of the phases along the a coordinate; jA, jB, inflows of phases A, B to the
pore ζ from the other pores in the same elementary macrovolume; kA, kB, phase permeabilities; k0, absolute permeabil-
ity, μm2; K, kernel describing the connection of pores in the space, μm2; l, length parameter, μm; pA, pB, hydrostatic
pressure in the phases, Pa; pcap, capillary pressure, Pa; rA, rB, macroscopic mass densities of the phases, kg ⁄ m3; S,
specific surface, m−1; sA, sB, macroscopic saturations of the phases A, B; t, time, sec; x, xa, spatial Cartesian coordi-
nates, m; α, auxiliary coefficient; Γ, gamma function; γA, γB, surface tension coefficients at the contact of the rock with
the phase A and the phase B, N ⁄ m; γAB, surface tension coefficient at the contact of the phases A and B, N ⁄ m; δ,
Dirac delta function; Z, auxiliary coefficient; ζ, collective parameter indexing pores in an elementary macrovolume; Θ,
Ξ, Π, normalization coefficients; κA, κB, chemical potentials of the phases; μA, μB, shear viscosities of the phases,
mPa⋅sec; dμ(ζ), probability measure characterizing the frequency of occurrence of the pore ζ in the ensemble; ρA, ρB,
mass densities of the phases, kg ⁄ m3; Σ, free energy production; σ, pore surface area normalized to the unit volume,
m−1; σ∗, rms deviation; υ, pore volume normalized to the unit volume; φ, porosity; Ω, function characterizing the con-
tact surface between pores; ωA, ωB, saturations of the phases. Subscripts: cap, capillary; A, wetting phase; B, nonwet-
ting phase; Λ = A, B; v, volume; s, surface.
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